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Abstract

Traditional modeling of damage and destruction of tall buildings that are subjected to impact loads does not
produce satisfactory results due to some principal difficulties. An alternative energy approach is introduced in
this paper for modeling damage accumulation and collapse processes in an effective porous medium represent-
ing a building structure. This theory describes several effects, such as the threshold stress, at which damage ac-
cumulation begins, and rheological instability related to the macro-fracture of a material and to the strength as-
sociated with tension, shear, and compression. The propagation of stress waves caused by a compressive im-
pulse applied to the top of a building is investigated, and various types of destruction and wave transformation
are revealed. The formation of a macro-fracture wave and a delay of the building collapse are studied. The in-
fluence of material parameters of the effective medium on the structural strength is discussed.

Introduction

Tall buildings are an integral part of a big city infrastructure. High-intensity actions exerted on tall build-
ings, such as an airplane crash, explosion, or fire, caused by a terrorist attack or other extreme events, may result
in partial or complete destruction of such constructions and lead to significant material and human losses. Vul-
nerability of tall buildings and means for improving their survivability and minimizing losses are not well stud-
ied; and therefore, they represent a challenging task in applied mechanics (Bazant & Zhou 2001).

Dynamic damage models have been applied to the problems with high-rate loading of compact materials,
such as metals, minerals, and concretes (e.g. Ning et al. 2003, Zhang and Hao 2003). However, acceptable
methodologies addressing the damage and collapse of buildings do not exist, because of both technical and prin-
cipal problems. The most important of these problems are the following:
The three-dimensional form of the problem of deformation and damage of a construction with numerous struc-
tural elements, such as beams, plates, and membranes. This is linked to nonsymmetrical loads, as well as to the
necessity of considering multi-dimensional connections. The exact modeling of the wave redistribution in these
connections is not possible within approximate theories of beams and membranes. A complete system of equa-
tions must be used for accurate calculations.
The drastic difference among characteristic times of dynamic impacts, thermal exposure, and viscoplastic
bending of columns during building collapse. The process of deformation and destruction includes both fast
dynamic phenomena and a phase of quasi-static evolution under high loads. A quasi-static phase may again turn
into a fast dynamic process.
The necessity to account for initial stresses in a structure, which possesses a vast amount of elastic energy.
This energy is released following a propagation of the destruction wave initiated by a combination of effects of
impact, explosion, and fire.
The absence of deterministic models for damage of initially loaded objects that would accurately establish a
form and places under destruction (fragmentation).
The necessity to carry out calculations on large time intervals due to significant difference in characteristic
times. Such time intervals exceed by orders of magnitude a time of the acoustic wave propagation along the
building.

Therefore, a traditional usage of finite difference and finite element methods for calculating dynamic and
quasi-static processes is not promising due to error accumulation and loss of approximation. Computational
codes, which are commonly used at the present time for solid mechanics problems of deforming bodies, will
inevitably produce a distorted solution and give inaccurate prediction of consequences of the combined actions
of impact, explosion, and fire.

What alternative means can be developed to describe the damage and collapse of a tall building? One of the
possible approaches is the calculation based on a continuum model of a building, which is considered as an ef-
fective continuum medium with several specific characteristics:
The porosity coefficient is close to one. This coefficient is defined as one minus volumetric fraction of struc-
tural elements in the total volume of a building.
The elastic response to low loads and the irreversible damage accumulation under high loads.
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The presence of both the shear and volumetric damage (contraction) of a structure under high loads.
The energy release upon destruction of the initially stressed building.
The fast growth and localization of damage in the states approaching macro-scale destruction.

To analyze the behavior of a medium with features described above, the energetic model of continuum
(scattered) damage is applied in this study, e.g. (Kondaurov & Kutlyarova 2000, Kondaurov & Fortov 2002)
and for other references (Holzapfel 2001). The development of this model is based on a new concept of the ef-
fective surface energy of a micro-defect ensemble and the latent energy of structural transformations. This en-
ergy method is related to Griffith’s approach in mechanics of an isolated fracture (Griffith 1920, Cherepanov
1974, Freund 1998). The central point of this approach is a local balance between the elastic energy of a de-
formed body and the surface energy of micro-cracks and micro-pores. The strain and strength characteristics of
the continuum can be interrelated accounting for the irreversible increase of the surface defect energy and as-
suming a reduction in the potential energy of deformation, which is released upon the formation and growth of
defects due to partial unloading in the material surrounding these defects. From the thermodynamic point of
view, this means that the description of evolution can be related to the accounting for distributed sources in the
energy conservation law. These sources have a surface origin and are neither thermal nor mechanical forms of
energy.

Kinetics of scattered destruction is based on the assumption that the rate of damage is proportional to de-
rivative of the total energy on the damage variable, where the total energy is the sum of the elastic potential en-
ergy and the effective surface energy. This kinetic equation not only provides the non-negativity of dissipation
in any process of damage accumulation but also allows us to define a scalar measure for the “dynamic overload” 
in any multi-axial stress-strain state.

Following (Rudnicki & Rice 1975, Kondaurov 1991), Hadamard condition (Courant 1962, Trusdell 1972)
is used as the elementary strength criterion that assumes the real velocities of non-stationary characteristics of
dynamic equations for the considered material. Violation of this condition results in the ill-posed boundary
problem. Therefore, this restriction on permissible strains and damage plays a role of the threshold that cannot
be exceeded. It should be noted that this strength criterion follows from the considered equations and is directly
related to the mechanical properties of a medium.

1. Basic equations

Only small deformations will be considered in mathematical modeling of an effective continuum with the
coefficient of porosity close to one. The influence of temperature will be neglected. The effective medium is
assumed homogeneous and isotropic; although more advance approach would treat this medium as having
orthotropic symmetry or transversal isotropy.

Let u be the displacement, v uis the velocity of a material particle, and 1
2 ( )( )T  e u u is

the symmetric tensor of small deformations. Here and further, the dot over a symbol designates the time deriva-
tive,  is the gradient on spatial coordinate х.

Let the current state of the medium element be assigned deformation e and a damage scalar 0 . The
medium response is defined by three relationships

( , )σ σе , ( , )u u = е , )(ff uu  , (1.1)

which define the symmetric stress tensor σand elastic potential u as isotropic functions of deformation and
damage. The effective surface energy fu is the function of damage only. For the elastic potential and the sur-

face energy, the following expressions are taken
2 21

2 1 1 1( , ) ( ) ( ) ( ) ( ) ( )p su KI J I I J        e e e e e , (1.2)
0 21

2( )f fu u       , (1.3)

, , , 0,sK const   
where is the material density, which can be considered constant and equal to the density in the initial state

since deformations are small, 1( ) :I e e I ,  
1

2 1
3 1( ) : ,J I   e e e e e I is the deviator of elastic de-

formation tensor. Coefficients in equations (1.2) and (1.3)–К, , s , , u f
0 , –are the medium parameters

which are assumed to be dependent only on the properties of the matrix composed of structural elements of a
building and on the initial porosity.
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The elastic potential (1.2) is the decomposition in the Taylor series up to second order on deformation and
damage. The first two terms in eq. (1.2) correspond to the energy of an isotropic, linearly elastic body obeying
Hooke’s law. The last two terms describe a decrease of the elastic energy due to damage accumulation (note
minus signs). Coefficients p and s characterize a reduction of energy related to volumetric and shear

strains, respectively, in the presence of damage. The terms of the first order in (1.2) do not exist, because the
reference configuration is the stress-free configuration. The term of the zero order is included into effective sur-
face energy ( )fu  . Function 1( )p I is considered to be sign alternating, which is related to the reduction

of the elastic energy in the processes of damage accumulation, at both high-intensive tension ( 1( ) 0I e ) and

compression ( 1( ) 0I e ).
The simplest way to assign numerical values to elastic coefficients Кand is to use elastic modulus of

structural elements (e.g. concrete) multiplied by the volumetric fraction of the structural elements in the total
volume of a building. More accurate approximations should be based on methods for determining the effective
stiffness, which are developed in mechanics of composite materials (Rabotnov 1979, Christensen 1979). Espe-
cially attractive seems the method of asymptotic averaging of periodic and random structures (Bahvalov 1974,
Bahvalov 1975, Berdichevsky 1983).

Conservation laws for medium under consideration include the relation between deformation and velocity,
momentum equation (g is the gravitational acceleration), and local energy balance:

 1
2 ( )T  e v v , (1.4)

 v σ g , (1.5)

( , ) : ( )fu u      e σe  . (1.6)

Distributed energy sinks are taken into account in equation (1.6). The function ( )fu  is associated with the

energy expense for increasing effective surface energy fu accompanying the formation of micro-fractures,

i.e. at the increase of damage variable . Energetic damage in the isothermal process is exactly equal to the
heat produced in deforming material and absorbed by the environment.

In the considered medium, the time derivative of its damage variable is determined by the kinetic equation
as follows

 ( , ) ( )1 1 fu u  


  

  
   
  

e
 ,

where 0 is the stress relaxation time and the argument of kinetic function ( , )e is the difference be-
tween released elastic energy and absorbed surface energy. In the following, only the simplest form will be used

1 1

1
( ) ( ), ( )p szH z H z I I J     


     , (1.7)

where ( )H x is the Heaviside function. From equation (1.6), it follows that the damage increases under the
condition of active loading

1 1( ) 0, 0p sI I J         .

If this condition is not fulfilled then the damage variable does not change. Dissipation in the process of active
loading is always positive for the chosen damage kinetics

2
( ) ( , ) ( )1 ( )f fu u u u   

 
  

    
     

e
 .

Since the strain rate eis arbitrary then it follows from (1.6) that the stress tensor is related to the elastic poten-
tial

 1 1
( , )

( ) ( ) 2
( )
s

p
u

KI I
J
   

        

e
σ e I e

e e
 , 1 1 1 1( ) ( ) ( )p p pI I I I    . (1.8)

Besides the positively defined dissipation in the processes of damage accumulation, there are other reasons
for introducing (1.7) into the model:
In a slow process  0 , equation (1.7) leads to the model of a damaged body based on the local balance
between the elastic energy and the effective surface energy (Kondaurov 1988, Kondaurov & Fortov 2002).
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Expression ( ) /fu u    , which is equal to the difference of the rates of the elastic and surface energy,

is a natural scalar measure of the dynamic overload, which is applicable for different types of a stress-strain
state.
Equation (1.7) allows us to describe in a similar way the qualitative specific features of the continuous frac-
ture, in particularly, the appearance of the threshold deformation levels when a damage accumulation starts, the
possibility of damage due to tension, shear, and compression, and the absence of damage evolution upon
unloading below a certain threshold.

The specific properties of an initially porous media discussed above leads to subdivision of semi-plane
( 1( ), ( )I Je e ) of strain invariants into two areas shown in Fig. 1. Curve 1( )J f I restricts area 1 of the undam-
aged material and has a considerable asymmetry with respect to the J-axis, which is related to the essential dif-
ference of the strength properties in compression and extension. The area 2 corresponds to the damaged mate-
rial.

If the boundary of the elastic area 1( )J f I is known, then condition 1 1( ) 0p sI I J     of the be-

ginning of damage accumulation provides the relation between function )( 1Iр , parameter , and the bound-

ary of the elastic area:

 1 1 1(0), ( ) (0) ( ) /s p sf I f f I I      . (1.9)

For convex function f(I1), the value of 1( )p I is positive in the interval *
1 1 1( , )I I I and negative in

*
1 1 1( , )I I I . Here, 1I

 are the threshold values of the volumetric deformation of stretch and compression when

the damage accumulation starts, *
1I <0 is the volumetric deformation of compression such that *

1( ) (0)f I f .

The dependence of invariant I1 of function )( 1Ip and a sign alternation of this function strongly affect reol-

ogy of the material and are caused by the initial porosity of the medium.
The specifics of curve 1( )J f I that separates the areas of elastic and inelastic behavior of initially porous

or initially fractured media are discussed in the literature and are used in calculating short- and long-term
strength of concretes, geomaterials, and metallic powders (Fleck & Kuhn 1992, Aubertin & Simon 2000,
Lundgren & Magnusson 2001). Figure 2 schematically shows a generalized strength criterion of such media,
where Гis the continuity parameter, reduction of which characterizes the increase of initial porosity.

In this paper, such curves are applied for the phenomenological modeling of the response of an effective
initially stressed material of a tall building. It should be noted that the transition of a deformed state across this
boundary does not mean macro-fracture of the material but the beginning of the damage evolution. Macro-
fracture starts later when reological instability appears. A family of such states cannot be depicted on the plane
of current deformations ( 1( ), ( )I Je e ) because these states are the functionals defined on the entire strain his-
tory. These questions are considered in details in the next section.

From now on, only a piece-wise linear function for the boundary of the undamaged material states will be
used, similar to that proposed previously (Kondaurov & Kutlyarova 2000, Kondaurov & Fortov 2002)

 
 

* *
0 1 1 1 1 1 1 1

1 1 0 **
1 11 1 1 1 1 1

1 / , 1 /
( ) ,

1 /1 / ,

J I I I I I I I
J I J J

I IJ I I I I I

  

 

     
  

, (1.10)

where 0 (0)J J is the intersection point of the right part of the boundary with axis J, and 1J is the intersec-
tion point of the extended left boundary with the ordinate axis. Shown in Fig. 3, the piece-wise linear boundary
allows us to significantly simplify mathematical derivation but retain all qualitative properties of the behavior of
an initially porous material. In this case, the coefficient appearing in equation (1.8) is

0 1 1 1 1
1

1 1 1 1 1

/ 0
( )

/ 0

+ * +
p s

p *
p s

α αJ I , I I I
α I

α αJ I ,I I I



  

        
 . (1.11)

The relation (1.8) between stress, strain and damage becomes much simpler than that in the case of continuous
function 1( )pα I .

2. Characteristics of the system of equations of the medium undergoing damage

The model constructed above will be applied here for investigating the long-term strength criterion, corre-
sponding to the loss of the material ability to carry loads. Following some previous studies (Kukudjanov 1977,
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Rudnicki & Rice 1975, Kondaurov 2001) we will formulate the conditions when characteristic surfaces of the
dynamic system propagate with real velocities. As will be seen later, the velocities of characteristic surfaces
(weak discontinuity, acoustic disturbances) in the studied medium depend on the current strain and damage. At
degeneration, when the velocity of one of the unsteady characteristic surfaces becomes zero, a weak discontinu-
ity (where the solution derivatives experience a jump) transforms into a strong shock (with discontinuity in the
solution itself). In particularly, the deformation tensor experiences a jump at such a surface, i.e. the strain local-
ization occurs. Formation of these surfaces is accompanied by the loss of Hadamard condition (Courant 1962,
Trusdell 1972), which is a necessary condition of hyperbolicity of the dynamic system. The fact that initial and
boundary problems for the considered systems become ill-posed means that studying subsequent deformations
in a medium cannot be carried out within the stated model. Hence, the limit for possible deformations and ac-
cumulated damage, associated with the real type of characteristics velocities, plays a role of the strength crite-
rion, which cannot be exceeded for the considered medium and which depends on the properties of the material.

Dynamics of an initially porous medium in the adiabatic approximation (heat flux and density of distributed
heat sources are zero) is described in the active process ( 0, 0   ) by the system of equations (1.4),
(1.5), and (1.9):

1 1

( , ) , 2 ( ) 0
1 1

( )( )

T

p sI I J

  

    
 

    

   

v σe g e v v


, (2.1)

where the deformation tensor is defined by (1.8).
Let I be a unity tensor of the second rank, ik is the Kronecker symbol, N(е)= / Je is the normalized de-

viator of the deformation tensor such that N(е):N(е)=1, N(е):I=0. Let ( , ) 0w t х be an equation for the
weak discontinuity surface of the solution of (2.1). Then the velocity of propagation and the normal to that sur-
face are defined as follows

1 ( , )
,

w t w
c

w t w
 

 
  

x
n

The material on both sides of the surface ( , ) 0w t х is assumed to be in active loading; therefore, solution

( , , )v e and coefficients, as well as the right-hand sides of equations (2.1), are continuous. The surface

( , ) 0w t х will be the characteristic surface of the system of partial-differential equations (2.1) if a non-
unique continuation of the solution through this surface is possible (Courant 1962).

The propagation velocities of unsteady characteristic surfaces (с 0 ) of the system (2.1) are determined by

the characteristic equation 2det( ) 0c  I A , where the acoustic tensor is

( , , ) M     A e n I n n m m , (2.2)

( ) , ( ) , ( , ) , ( )
2 6 ( )

sM
J
               e m N e n

e
.

Eigenvalues of the acoustic tensor А, i.e. the propagation velocities of the weak discontinuity surfaces, are de-
termined by formula

1
22 2 2

1,2 3( , , ) ( ) , ( , )с M P P Q с M       e n e , (2.3)

where

 
   

2 1
6

2 2 2

2 ( , , ) ( )

( , , ) ( ) ( ) ( ( ) )

P

Q

    

  

      

        

e n m m n N e n

e n m m m n n N e n n N e n
(2.4)

The dependence of the characteristics velocities in the considered material on the current deformation and dam-
age indicates that at some values of ( , ) / ( )s J  e e and material parameters , , ,p s  there are

directions n for which the velocity of unsteady characteristics becomes zero. In this case, the positively deter-
mined acoustic tensor Аdegenerates; and several mechanical effects accompany this degeneration.

Following previous studies (Rudnicki & Rice 1975, Kondaurov 1991) let us call the state ( , )cr crе of a ma-

terial element to be reologically unstable if there is a direction ( , )cr cr
cr n е along which the characteristic sur-

face velocity is zero, i.e. ( , , ) 0cr cr
crс  е n . The reological instability shows one's worth formation of the strain
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localization surfaces with a certain well-defined orientation ( ( , ), ( , ))cr cr
cr t tn е x x of these elements. In fact,

vector [ / ]n V v of the jump of the normal derivative of the mass velocity, defined by 2( ) 0c   I A V ,

approached to a non-zero value 0 0V as 0с . From the second equation (2.1), one can see that at 0 0V
the amplitude [ / ]n E e of the jump of the normal derivative of the deformation tensor approaches infinity

as 0с . This means that a weak shock becomes a strong shock, through which the velocity is continuous but
deformation is discontinuous. The surface of such a shock is called the surface of strain localization.

From the second equation (2.3), it follows that the degeneration on velocity 2 1
23 ( , )с    e occurs

in the states that satisfy the condition

/ ( ) 2cr cr
cr s J   e . (2.5)

The orientation of the localization surface, defined by vector crn , is arbitrary in this case because of the inde-

pendence of condition (2.5) on the direction of the characteristic surface propagation. The unity vector n that
provides the extremum for the value 2

2 ( , , )с e n , which is always less than 2
1с , is determined by the equa-

tion
( ) 0  I n n B n , (2.6)
where the symmetric second-rank tensor is

2 2
2 2 2( ) ( ) 2 ( ( ) ) ( ),S S c M     B N e n N e n N e . (2.7)

Equation (2.6) can be written as ( ) B n n B n n . It follows that n is an eigenvector of symmetric tensor
B. In view of equation (2.5) the symmetric tensor B is a second-rank polynomial of normalized deviator N(e)
with coefficients dependent on parameter and invariants ( ) n N e n , 2( ) n N e n . Therefore, eigenvectors of
tensor N are the eigenvectors of tensor B. The inverse statement, generally speaking, is incorrect, as some ei-
genvectors of B may not be those for N.

If the orthonormal basis , 1,2,3i i e of the coordinate system coincides with the principal axes of tensor

N in the considered point, then

1 1 1 2 2 2 3 3 3

2 2 2
1 1 1 2 2 2 3 3 3 1 1 2 2 3 3,

B B B

B n B n B n B n B n B n

    

     

B e e e e e e

B n e e e n B n
Equation (2.6) in this basis corresponds to three scalar equations

 
 
 

2 2
1 2 2 1 3 3 1

2 2
2 3 3 2 1 1 2

2 2
3 1 1 3 2 2 3

( ) ( ) 0

( ) ( ) 0

( ) ( ) 0

В В n В Вn n

В В n В Вn n

В Вn В В n n

   

   

   

, (2.8)

where 3,2,1, iВi are the eigenvalues of В. It follows that the system (2.6) at 2 0c  has the following so-
lutions (Kondaurov & Fortov 2002):
(1) The normal n coincides with one of the eigenvectors of tensor N(e). The reological instability occurs at

2cr  and is exhibited in the form of the surfaces of the shear deformation discontinuity, which are perpen-

dicular to the principal axes of tensor N(e).
(2) If two eigenvalues of Вare the same, then reological instability appears when 2cr  , where cr is the
root of the following equation

1
22( ) 0M P P Q    , (2.9)
2 2 2 2 2 2 2

1 2 1 2 1 1 2 2

1 1
2 6

( ) 0, 2 ( )

( ) , ( )
cr cr

cr cr cr cr

Q N N n n P N n N n

M

 
      
     

     
One of the principal axes of tensor N(e) belongs to the discontinuity planes, and for any cyclic combinations
1,2,3 the normal components are found as follows
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2 3 3
1 2

1 2 1 2

2 2
2 1 3

1 1 / 2
1 1

2 ( ) 2 / / 6 ( )

1 , 0
e

M N N
n

N N c N N

n n n

 
   

   
             

  

(2.10)

Both shear and normal components of the deformation tensor experience a discontinuity on these surfaces.
(3) If tensor Вis spherical, which is possible only for uniaxial deformation (for any cyclic combination 1,2,3),

е=е(t) 1 1е е, 2 1
3 1 1 2 2 3 36( ) ( ), [ ( )]sign e t       N e е е е е е е ,

then the extreme normal coincides with the normal to the surface of a circled cone with axis 1е. The cone angle

2 is defined by the expression

2 2 2 2 2
1 2 3 1

/ 21
sin 1 , 1 ,

2 3 / 6
cr

cr

M M
n n n n

 
  

           
. (2.11)

where 2cr  . As in the second case, both shear and normal components of the strain tensor have a disconti-
nuity on these surfaces.

What form of reological instability realizes in a loading process? We shall suppose the earliest mode of in-
stability corresponds to the earliest moment t, when parameter ( ( ), ( ))t t e for given deformation trajectory

( ),z z te reaches its critical value cr (one of the sound velocities becomes zero). This means that moment
( )min Nt t , where ( )Nt is determined by the integral equation

( )( ) ( ) ( )
0[̂ ( ), ] ( ( ))

NN s t N N
s s crs t J t 

 e e , (2.12)

where ̂ is the integral operator which is a solution of the kinetic equation (1.7) with zero initial conditions,

and parameter ( )N
cr is equal to either 2or the root of equation (2.9).

3. The features of material behavior in uniaxial deformation

Consider the uniaxial compression with a deformation tensor 1 1( ) , ( ) 0еt et  е e e . The first invari-
ant and the deviator of this tensor are defined by formula

 2 1
3 31 1 1 2 2 3 3( ) ( ), ( ), ( ) 2I e t J e t e t       e e e e e e e e . (3.1)

The normalized tensor deviator of uniaxial deformation is

 1 1 2 2 3 3 1 1
2 1 1 1( ) 3
3 6 6 6

 
         
 

N e e e e e e e I e e . (3.2)

On the semi-plane 1( , )I J , this deformation corresponds to the straight line OABM with J I 2 3 1 (Fig.
3). Two variants of deformation and damage are possible, depending on the material properties. In the first case,
when the line OABM crosses the right boundary of the region of undamaged material, i.e.

* *
0 1 1 12 3(1 )J I I I  , then the process of damage accumulation starts at moderate loads *

1 1 0I I  with

the dominant shear mechanism of damage. With increasing 1I , the deformed state transforms into the area of

strong compression *
1 1 1I I I  . The threshold compression 0e , at which the damage starts, is deter-

mined by equation 1 0p sI J      for the elastic region boundary and it is equal to

2 / 3/ , p se a a a a 
     . (3.3)

If the boundary of the elastic region is such the first loading regime is realized, then the threshold deformation is
*
1Ae e I  ; for the second regime *

1Me e I  .

From equations (1.8) and (1.11), it follows that stress 11( )е in uniaxial deformation, for which equations
(3.1)-(3.3) are fulfilled, is

4 2
3 311 0 0, 4 / 3 2p sKe e e K        

           . (3.4)

The kinetic equation (1.7) then becomes
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2
11

11 11
0 0

1 1
) ( , ), ( , ) 1( e z z

  
        

    
   



 
          

 . (3.5)

The solution of (3.5) with zero initial conditions can be written in an explicit form. For the first regime of de-
formation

 

 

*
1

*
1

1
( ) ( ) exp , ( )

1
( ) ( ) ( ) exp , ( )

A

B

t

A B

t

t

B B

t

t s
t e s ds e e t e I

t s
t t e s ds e t e I

  
 

   
 





       
 

       
 




(3.6)

where At is the time moment when the damage begins, i.e. the threshold level is achieved /Ae  ; Bt is

the time moment such that ( )B Be t e . For the second regime, there is a single function for ( )t

 1
( ) ( ) exp , ( )

M

t

M
t

t s
t e s ds e e t  

 

     
  ,

where Mt is the time moment associated with achieving the threshold deformation /Me  .

In the case of a low strain rate, which corresponds to a slow damage rate 0 , the right-hand side of
equation (3.5) also approaches zero. Then the damage can be explicitly expressed via deformation e or stress

11
1 2

0 11 0( ),е       
        . (3.7)

From (3.7) it follows that 0 , since in compressionе<0 and damage 0 . The expression for the stress

11 at the infinitely small strain rate can be reduced to the piece-wise linear dependence

0

11

0

( ) ( )

( )

A

f A A B A

f B C B

e e e

e e e e e e

e e e e

 







  
     

   

(3.8)

Here, the following symbols are introduced
2

0 0 1 0/ , / , , / , /A A A B C f B fe e e I e         
           

Function 11( )e is shown in Fig. 4 by a polyline OABCD for a material with parameters 0.33   ,

0.3p , 0.02, 1.0, 0.01, 1.0p s       . There is a discontinuity in the quasi-static stress

11 at 1Be I . Using equation (3.8), which provides ( )B f B A Ae e    and /C f Be  
  ,

the expression for the jump in stress can be obtained

  1 ( ) 0C B B A Be e e      
         . (3.9)

This jump cannot be negative as follows from the compression condition e<0 and inequalities
, 0, 0         (from definition of ). In other words, a release of the compression occurs in

achieving pointВ, which corresponds to the compression 1I
, i.e. the static diagram of the considered material

has a falling branch. However, due to the dependence of stress on the strain rate, the instability phenomena (re-
lated to the loss of hyperbolicity) do not appear in this case. The slope of portion CD is always less than that of
АВdue to inequality 0    .

In the second case, when line 12 3J I intersects the left part of the boundary of the undamaged states,

i.e. * *
0 1 1 12 31( )J I I I  , the process of damage accumulation takes place completely inside area

*
1 1I I where the deformation due to strong compression plays a dominant role. The static diagram 11( )е ,

corresponding to this regime, has a bi-linear form
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0
11

, 0

( )
M

f M M M

e e e

e e e e




     
,

where 0/ ,M M Me e   .

4. Head wave of damage in a tall building

Consider a problem of the head wave of damage in the initially stressed layer 10 x H  caused by a

normal stress 0 0 ( )p H t  applied at the boundary 1 0х . Let us introduce Cartesian coordinate system

with orthonormal basis , 1, 2,3k k e , such that 1x x is directed along the normal to the boundary plane

formed by the other axes 2 3,x x and 1 0х . Vector g of the gravitational force is directed along х1. Let us
assume that all material is undamaged in the initial state, all velocities are zero, and the deformation and stresses
are as follows

0 0 0 0 0
1 1 11 1 1 22 2 2 3 3

0 0 0
11 22 0 0

, ( )

( ) , ( ) / , ( ) /

e

x gx x gx e x gx

 

   

       

    

e e e σ e e e e e e
(4.1)

Here, ,are the modules of the effective porous medium, 0 2    . The height of the building is as-

sumed to be such that the continuous fracture does not develop in the initial state, i.e. 0/ /gH   .

Normal stress 0 0 ( )p H t  is applied to the upper boundaryх=0, where 0 0p const  is a constant

pressure and H(t) is Heaviside function. Then the problem depends only on the spatial coordinate хand time t.
The deformation tensor of uniaxial compression is 1 1( , )еxt е e e, ( , ) 0e x t  . The deviator and invari-
ants of the deformation tensor are determined by equations (3.1)

 2 2 1
3 3 31 1 1 2 2 3 3( ) , ( ) , ( )I e J e e       e e e e e e e e e .

The boundary of the undamaged state of a material is approximated by a piece-wise linear function (1.10) with

1( )p pI  . Let us consider the first of the considered above regimes, i.e. the line J I 2 3 1 intersects

the right boundary of the undamaged material. Then, we have * *
0 1 1 12 3(1 )J I I I  or

*
1 12 3( )+

p p sαI α α I   .

The relationship between the stress, deformation and damage can be written in the form

11 1 1 22 2 2 3 3 11 0 22 ˆ( ), ,e e               σ e e e e e e , (4.2)
where

2 1
3 6ˆ,p s p sα     

    . (4.3)

Signs plus and minus of symbols ˆ, ,p  
  correspond to intervals 1 1 0I I  and 1 1I I , respectively

(i.e. to the portionsАВandСDof function 11( )е shown in Fig. 4).
The uniaxial dynamic deformation of the considered medium is described the system of equations compris-

ing motion equation (1.5), kinetic equation (3.5), and equation (1.8) for the stress tensor. This system can be
reduced to three partial-differential equations with respect to the solution vector ( 111, ,v  )

1 11 11 1
0 11 11

1
, ( , ), ( , )

v v
g z z

t x t x t
         
    

  
    

 
. (4.4)

For convenience, let us introduce non-dimensional variables

01 11
0

0 00 0 0

0

0 0 0 0 0

, , , , , ,

1
, , , , ,

t x v gH
t x v g

t H c

t

  

        
 




     
 

     
    

(4.5)
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where 1/ 2
0 0( / )c  is the velocity of elastic longitudinal waves, 0 0/t H c is the characteristic time, and

2 1   . The system (4.4) written in non-dimensional variables will look in this form as

1
, ,

v v
g z z

t x t x t
    
    

  
    

 
, (4.6)

2 2 2( , ) ( ) / , 1 /z b b      
       .

Here and below, the overbar is omitted for briefness. The boundary and initial conditions for the system (4.6)
are the following

( ,0) , ( ,0) ( ,0) 0, 0 1x gx v x x x      , (4.7)

0(0, ) , (1, ) 0, 0t v t t    . (4.8)
The system (4.6) is a quasi-linear hyperbolic system of equations with a linear differential part. The charac-

teristics velocity is determined by the equation

1 0
det 1 0 0

0 0

c
c

c

  
    
  

or 2( 1) 0c c   .

It follows that the non-stationary characteristics propagate with speed 1c  in the considered material. Be-
cause of the linearity of a differential part of the system, the strong shocks propagate with the same velocity.

Due to the discontinuity of the boundary and initial conditions (4.7) and (4.8) atх=0, t=0, the strong shock
appears in the solution originating fromх=0, t=0. Therefore, on the interval 0 1t  (corresponding to the
first run of the wave along the building) the system (4.6) can be considered in the triangle area
{0 , 0}x t t   , where ( )x t t is the position of the shock moving with velocityс=1 through the ini-
tially stressed medium. As the boundary conditions, the first equation of (4.8) will be used

0(0, ) , 0t t   , (4.9)

as well as the relations for the strong shock at x=t:
[ ] [ ] 0, [ ] 0v    .
By accounting for equations (4.7), the jump conditions can written as follows

 ( , ) ( ) ( , ) , ( , ) 0v t t gx t t t t t    . (4.10)

Below we consider the evolution of the stress *( ) ( 0, )t t t   at the head shock. In this process, three
main possible variants can be analyzed, corresponding to the high, moderate, and low pressure applied to the
boundaryх=0.

At high stress *
0 0 1B Bp I e      , the shock compression of the initially porous material causes

the volumetric deformation whose absolute value exceeds *
1I , which separates the regimes of shear and volu-

metric destruction. In this case, the minus sign should be selected in coefficients corresponding to deforma-

tion *
1e I . The right-hand side of the kinetic equation at the point х=t=0 is greater than zero; therefore, the

volumetric damage starts immediately. The propagation of the shock is accompanied by the reduction of com-
pressing stress *( )t . At time moment Bt (when *( )B Bt e  ), the volumetric character of damage trans-
forms into shear damage. The stress continues to decrease (in absolute value) approaching to the limiting value

/A     . The stress evolution immediately behind the shock is determined by the solution of differ-
ential equations with initial conditions

2
*

*

2
*

*

( / ) , (0) , 0
2

( / ) , ( ) ,
2

B

B B B

d
g p t t

dt

d
g t t t

dt

    


     








     

    
(4.11)

The solution of Cauchy problem (4.11) is the implicit dependence
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*

0

*

12

12

( / ) , 0
2

( / ) ,
2

B

B

B B

t g d t t

t t g d t t









   



  













 
     

 

 
     

 




. (4.12)

The second equation (4.11) shows that if the relaxation time is small 1 , then stress * approaches its

asymptotic value , which is defined by the equation for zero time derivative of stress:
2 ( )

0
2

A g
  


   

or

2 2 2

2 2 2
1A A

g g g
b

   
  

  
   

     


. (4.13)

The threshold value A differs from the value , which is caused by the combined action of kinetics and
initial compression of the material. This effect is absent in wave propagation inside elastic-viscoplastic media
(Kukudjanov 1977) and in damaged media without initial stresses (Kondaurov 1998, Kondaurov & Kutlyarova
2000), where the asymptotic value is exactly equal to the threshold value A .

Equations (4.12) can be written in the explicit form

 

2

* 0 0 0 *2 2

* *

2
( ) 1 exp , ( )

1 ( )

( )
( ) 1 exp , ( )

A B
A

B
B B B

A

g gt
t t

b

g t t
t t

        
   

      
 

 

   

 


    
                

  
          

(4.14)

From these equations, it follows that the compression stress decreases exponentially in the head wave of dam-
age. Moreover, the exponential coefficient of attenuation for the shear mechanism of damage (the second equa-
tion), is equal to the ratio of the velocity of free fall ( )Bg t t to the width of the kinetic split, which is

22 /(1 )kin A g b        .

In the volumetric damage (the first equation), the attenuation coefficient is greater because 2 2/ 1   .

Figure 5 presents a dependence of the amplitude *( ) / At  in the head wave of the material with parame-

ters 0.333, 0.3, 0.1, 0.01, 1.0, 1.1p p s              , 0 10 , 3A B Ae e   for

three relaxation times 0.01, 0.03, 0.05 (curves 1-3). The break in slope is noticeable that occurs at time
2

0
2

0 2

( )
ln 1

2
1

BA
B

A

t
gg
b

   
   


 



 

    
  

 

,

which corresponds to the transition from the volumetric to the shear damage mechanism in the head wave.
In the case of moderate stress 0B A    , applied to the upper boundaryх=0, the damage starts also

at t=0. The shear mechanism of damage is realized. The stress evolution on the shock is determined by one dif-
ferential equations and one initial condition

2
* ( ) , (0) , 0

2 A

d
g p t

dt
    




     . (4.15)

The solution for this problem is

 * 0 0( ) 1 exp
A

gt
t   

 


  
        

. (4.16)
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Let stress 0 (applied to the boundary) be in the range 0B    , i.e. below limiting value .

Then coefficient 0  before the square brackets in (4.16) is positive. Amplitude *( )t of the head wave

decreases monotonically from value 0 to the limit  defined by equation (4.13). If the stress is within the

kinetic split, i.e. 0 A    , then amplitude *( )t increases up to value  .

Figure 6 presents the dependence of amplitude *( ) / At  of the head wave caused by moderate pressure

0 =2 A (curves 1,3,5) and 0=2.9 A (curves 2,4,6) for parameters 0.333, 0.3p     ,

0.1, 0.01, 1.0, 1.1, 3p s B Ae e        for three relaxation times: 0.01 (curves 1,2),

0.03 (curves 3,4), and 0.05 (curves 5,6). Depending of the relaxation time , the given load 0
can lead to principally different behavior of the head wave amplitude in time. The amplitude may decrease
(curves 1,2,4), increase (curves 3,5), or remain the same (curve 6) in comparison with initial value 0 . The
increase of the amplitude is the effect related to the presence of initial stresses.

The third regime appears when stress 0 applied to the boundaryх=0 is so small that

0 0( ,0) 0z   
   . No damage is present in the initial phase of the shock propagation, because the

right-hand side of the damage kinetic equation z  is zero for 0z . The solution for the system (4.6),

(4.9)-(4.10) at 0z is piece-wise constant

0 0( , ) , ( , ) , ( , ) 0, 0 , 0

( , ) , ( , ) 0, ( , ) 0, , 0

x t gx v x t x t x t t

x t gx v x t x t t x t

   
 

      
    

. (4.17)

The maximum absolute value of the compressing stress 0(1,1) gx   is achieved at the base of the layer

х=1 at t=1. The material in this section will be undamaged if 0 0 /e g     .

If the stress 0p  applied at the boundaryх=0 exceeds 0
e ep  , then from equation (4.17) it fol-

lows that the acting stress attains threshold value /A  at point ( , )A A Ax t x , where the following
equality is held

0 /Agx   , (4.18)
and where the process of damage accumulation starts, i.e. the elastic precursor transforms into the damage wave.
Behind the shock, stress *( )t , which prior to that moment was exactly equal to the sum of the stress applied at
the boundary and the initial stress, is now determined by formula

*
( )

( ) ( ) 1 exp A
A A

A

g t t
t   

 


  
        

. (4.19)

From this equation, it follows that stress *( )t  as t increases.

Figure 7 shows the solution for two values of stress 0 =0.3 A (curves 1,2) and 0 =0.9 A (curves

3,4,5) for the material with parameters given above for three relaxations times 0.001 (curve 5),
0.01 (curves 2,4), and 0.02 (curves 1,3). The solution demonstrates that at low loads, the volumet-

ric damage does not appear in the head shock, and damage is caused only by the shear mechanism. Unlike to
interval At t , where the stress rate is /d dt g  , at subsequent times At t the rate is

21
( )

2 A

d b
g g

dt


 



    ,

i.e. the negative slope of curve *( )t decreases. This means that the material with initial stresses unloads in the

vicinity of the head shock x=t, remaining compressed below threshold value A .

5. Building collapse
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The constructed solution together with the condition (2.12) of the reological instability allows us to deter-
mine how the macro-failure wave propagates in tall buildings. On the head wave, which corresponds to the line

0 in characteristic variables 1 1
2 2( ), ( )x t t x     , the damage is absent

( ,0) 0  , (5.1)

and the stress is found from equations (4.14), (4.16), and (4.19). For constructing the solution at 0 , deriva-

tives / , / , /v     must be known. Taking into account t    and

/ /
const

t


  


    , from the third equation (4.6) it follows

2
21

( , ), 1z z b
     

   
     

    




   
            

,

where 2 2(1 / )b     . Therefore, in the vicinity of characteristics 0 one can obtain
1

*( , ) ( )z    , (5.2)
where

* *( ) ( ,0) ( ( ) ) /z z      
   , (5.3)

which is a semi-positive function that has a discontinuity at Bt t due to a jump of .

Derivative /  in the same vicinity satisfies the first-order equation
2 2

*
*2

0

( )
( ) , ( ) ,

2 2 2
dY b dz

A Y z Y A
d d

    
 

     


    

   


    


, (5.4)

with the initial condition at 0

0 *(0) (0)
2

Y g A g z
 


 


 



 
     

 
. (5.5)

Sign plus corresponds to point such that *( )B A     , and minus to the points where

*( ) B   . The solution of Cauchy problem (5.4)-(5.5) for the case of the moderate applied stress

0B A    is

* * *
0

( ) (0) ( ) ( )
2

A A A sY g z e z B e z s e ds


  
 

 
      

 
     
   , (5.6)

and for high stress 0 B  it is

* * *
0

( )
* * *

( ) (0) ( ) ( ) ,
2

( ) ( ) ( ) ( ) ( ) ,
2 2

B

B

A A A s
B

A A A s
B B B

Y g z e z B e z s e ds

Y Y z e z B e z s e ds


 


  



 
   

 

      
 

  

  

    
 

     
  

      
 

       




(5.7)

Here, we introduced
2 2 2

2
2 2

(1 )
1 , 1

2 4
b

B b
   
   

    
 

  
    

 
,

and
2

0
2 2

0

( )
ln 1

/ 2 /(1 )
BA

B
Ag g b

   


    
 

   

       
.

The value B is the time moment of transition from the volumetric to shear damage mechanism.
Now everything is ready for investigating the macro-failure wave. Let us use condition (2.12) of the onset

of reological instability ( , ) ( , )s cr J   . Accounting for equations (3.1) and (3.4), which gives

 2
3( , ) ( , ) ( , )J     , and using equation (5.2) and relation
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2
* 0

( , ) ( ) / ( )O          , where derivative
0

/   is determined by equations (5.4) and

(5.5), the equation for coordinate * ( )  of the macro-destructive wave is

3
2*

* *

( ) / ( ,0)
( ) , ( ) ( )

( )
s crF z

F
     

   
  

  


 
  


, (5.8)

where the amplitude *( )  of the head wave is given by one of expressions (4.14), (4.16), or (4.19) and posi-

tive function * ( )z  is determined by equation (5.3). In variables ( ,x t ), equation (5.8) can be written as

3
2*

*

( ) /
( ) 2 , ( ) ( ) ( )

( )
s crt

x t t F t z t Y t
F t
   


 




   . (5.9)

If the macro-failure wave is realized, than its coordinate * ( ) 0   . This is possible only at a positive

value of ( )F  . Since parameter cr enters only the first term of ( )F  , function ( )F  is maximal at

the lowest value 2cr  for any fixed parameter . Therefore, if the solution exists, then the fastest wave of

macro-damage is characterized by minimal value *( )  and by the first form of reological instability. This
means that macro-damage in the form of cones (3.8) or planes (3.6), which are inclined with respect to the verti-
cal axis of a building, does not realize. Figure 8a shows coordinate ( )cx x t of the damage wave as a function

of time for three values of moderate load 0 B  . Curve 1 corresponds to line ( )cx x t , along which the

head wave propagates, and curves 2-4 are given for the lines at loads 0 / A  = 2.3, 2.4, and 2.8. The following

parameters were used 0.333, 0.3, 0.1p p        ,

0.01, 1.0, 1.1, 3 , 0.1, 0.02s B Ae e g         .
The non-trivial influence of the relaxation time on the appearance of the macro-failure wave should be em-

phasized. Figure 8b gives dependence of ( )cx x t for the same material parameters but for 0.01 . In this

case, the damage wave appears at loads 0 / 2.6A   , while for 0.02 the macro-failure wave started at

0 / 2.25A   . This means the strength of the building increases if the material with faster kinetics is used.
The increase of the shear modulus also leads to the strength augmentation. For 0.45, 0.10, 0.01     ,

the shear macro-damage starts at 0 / 2.66A   .

An interesting phenomenon is observed in the case of intensive dynamic load 0 B  . For parameters

given above, the time dependence of the macro-failure wave coordinate ( )cx x t depends only weakly on the

applied load and practically coincides (with accuracy of a few percent) with the dependence for load 0 B 
equal to the stress at which the volumetric destruction of the material starts. This is related to the fast attenuation
of the wave in the vicinity of boundaryх=0 up to the value 22 /A g      . The significance of this
stress was described in Section 4.

Figure 9 presents isolines of critical parameter

 *

1.5 ( )
( , ) 2 2

( ) ( ) ( )
s s

cr

z
J z Y

  
   

     
   

 

on the plane (x,t) for loads 0 0.1B A    (Fig. 9a) and 0 17B A    (Fig. 9b). Line ( , )cr  =0,
which corresponds to the macro-damage wave, varies little in a broad range of dynamic load amplitudes.

Conclusions

A relatively simple model is proposed for describing the damage accumulation (scattered destruction) in
materials with high initial porosity. This approach can be applied to model several specific features of deforma-
tion and damage in tall buildings. These features include:
Threshold values of compressive deformation for the onset of the continuous fracture.
Reduction of stiffness of the effective medium due to damage accumulation.
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Strong dependence of the stress and damage evolution on the form of the elastic region of material.
Instability phenomena that are related to the macro-fracture and characterize the strength under tension, shear,
and compression of a porous medium. These limiting states depend not only on the material properties but also
on the strain history.

The propagation of the head wave is investigated, which is caused by a step-compressing load applied to the
upper boundary of a building. It is shown that a relatively weak impulse may lead to the appearance of the dam-
age wave due to the presence of initial stresses in structural elements in the gravity filed.

It is also proved that moderate loads result only in shear damage in the head wave. Depending on the level
of the applied load, stresses may either increase or decrease in the process of the head wave propagation.

It is found that intensive loads may lead to the volumetric destruction, which realizes only in the first phase
of motion. Although this wave travels into the region with increasing initial stresses, it inevitably transforms
into the wave of shear damage.

It is shown that the stress evolution in shear damage wave is characterized by exponential attenuation with a
coefficient equal to the ratio of velocity in free fall to the width of a so-called kinetic split. In the wave of volu-
metric damage, this attenuation coefficient is greater than in the shear wave.

A new effect of the existence of the limiting stress is noticed, which is different from the threshold stress
level, corresponding to the onset of damage accumulation. The appearance of this limiting stress is caused by
combined influence of damage kinetics and initial stresses.

The equation for the propagation of a damage wave is obtained. The conditions for the appearance of this
wave and the dependence of time delay in the building collapse on the applied dynamic load are studied.

It is shown that for preventing the onset of reological instability, which is recognized as macroscopic de-
struction of material, one needs to increase shear modulus and coefficient that characterizes nonlinear
dissipation of released energy, which transforms into the effective surface energy. Absolute values of coeffi-
cients ,s  of the effective porous medium must be as low as possible, because they characterize the energy
release in damage accumulation.

A new effect is found related to the weak dependence of the damage wave motion on the value of the ap-
plied load exceeding threshold value B , when the shear damage transforms into volumetric damage.
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Figure captions

Fig. 1. Boundary between intact and damaged material.

Fig. 2. Strength boundaries (adapted from Aubertin & Simon 2000).

Fig. 3. Examples of piece-wise linear approximations for the boundary of intact material area (solid and dash-

dotted lines). Other lines and symbols are referred to in Section 4.

Fig. 4. Quasi-static diagram for the stress-strain relationship in the first regime.

Fig. 5. Stress amplitude in the head wave for high applied stress.

Fig. 6. Stress amplitude in the head wave for moderate applied stress.

Fig. 7. Stress amplitude in the head wave for low applied stress.

Fig. 8. Coordinate of the damage wave for various loads.

Fig. 9. Isolines of the critical parameter for two applied loads.
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Fig. 1

Fig. 2

Fig. 3
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Fig. 4

Fig. 5

Fig. 6
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Fig. 7

Fig. 8

Fig. 9


